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ABSTRACT 
The behavior of operators which are both scalar-type spectral and Hermitian (and 
this includes all Hermitian operators on finite-dimensional spaces) is studied. For 
example, it is shown that the resolution of the identity of such an operator being 
Hermitian is equivalent to all the powers of the operator being Hermitian, or to the 
operator having a contractive Bore1 functional calculus. A sufficient condition for 
these properties to hold on a finite-dimensional space is that the eigenvalues of the 
operator are rationally independent. 
1. INTRODUCTION 
Our aim is to investigate certain relationships between the class of 
scalar-type spectral operators with real spectrum (briefly, real scalar opera- 
tors), introduced by N. Dunford in the 1950s (see [ll] for their definition and 
properties), and the class of Hermitian operators, that is, those bounded 
operators T satisfying 
IIeitT II < 1, t E R; (1) 
see the monograph [lo], f or example. We recall that every real scalar operator 
T has a unique projection-valued spectral measure E (called its resolution of 
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the identity) which is defined on the Bore1 subsets of the complex plane @ 
and is supported on the spectrum a(T) of T and which satisfies 
T = jch dE( A) = JccTjA dE( A). 
In general these two classes of operators are distinct. However, in finite 
dimensions it is the case that every Hermitian operator is real scalar. Because 
of this observation and the fact that all the phenomena we wish to consider 
already exist in this class of Banach spaces, we shall focus much of our 
attention on such spaces. Where possible, however, we have given our results 
for general Banach spaces, or indicated where certain limitations exist. 
One question which arises naturally concerns the sort of information one 
can get about the projections E(A) (A c C Borel) for a Hermitian spectral 
operator. For example, can one find bounds on the norms of these projec- 
tions? By an equivalent renorming, such results tell us something about the 
projections associated with other operators which generate bounded groups. 
The spectral theorem for scalar operators gives the formula 
f(T) = j-J(4 dE(*), 
valid for all bounded Bore1 functions f on u(T), and also the estimate 
Here II * IIE,m denotes the E-essential supremum norm, given by 
llf IIE,rn = inf{llfx,l(m : (T c C, u Borel, and E(u) = I}, 
and K is the constant 
K = sup(II~(cr)II: (+c C, v Borel). (2) 
In particular, lleitT 11 < 4K for all t E R. The factor 4 arises from the theory 
of integration when one wishes to estimate the total variation of a complex 
measure by the absolute values of the elements in its range. However, the 
complex measures arising from spectral measures are rather special, and it 
may happen that the constant K 2 1 can be improved in certain circum- 
stances; the geometry of the underlying Banach space is crucial in this regard. 
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For example, in the Hilbert-space case, if T is self-adjoint, then 4K can be 
replaced by 1 and we have a Hermitian operator. In fact these are the only 
real scalar operators which are Hermitian [lo, Theorem 7.231. 
In Banach spaces, even finite-dimensional ones, the situation is quite 
different. In determining whether or not a real scalar operator T is Hermi- 
tian it is often essential to have a detailed knowledge of its resolution of the 
identity. The obvious conjecture that the projections in its resolution of the 
identity should be Hermitian fails to be true. In view of the fact that the 
underlying Banach space X can always be equivalently renormed so that all 
the projections in the resolution of the identity become Hermitian 13, p. 1021, 
it is clear that these properties are isometric rather than isomorphic proper- 
ties of Banach spaces. In finite dimensions th;c dependence on the geometry 
of X can be made quite explicit (see SeL,_ons 2 and 4). Perhaps a less 
restrictive requirement that might be expected for T to be Hermitian is that 
the nonzero projections in the resolution of the identity have norm one (that 
is, that T have a contractive resolution of the identity). This is also not the 
case (see Section 2), although it is true for two-dimensional spaces. 
It is known that the Hermitian operators form a real vector space, but 
that they are in general not closed with respect to forming products (even if 
T is Hermitian, T2 need not be Hermitian). In [6], B. BollabLs gave some 
sufficient conditions ensuring that powers of a Hermitian operator are again 
Hermitian. In Section 3 we give some further results of this kind. It turns out 
that all powers of T being Hermitian is equivalent to the resolution of the 
identity of T consisting of Hermitian projections. In the final section we shall 
discuss how our results relate to a geometric result of Bosznay and Garay 
about norm-one projections on finite-dimensional Banach spaces. For exam- 
ple, it will be shown that there is a large class of Banach spaces on which 
there are no Hermitian projections. 
2. SPECTRAL PROJECTIONS OF HERMITIAN OPERATORS 
Let X be a Banach space, and let L(X) denote the space of continuous 
linear operators on X. The identity operator is denoted by I. It is well known 
that the real scalar operators and the Hermitian operators are distinct classes. 
For example, if T is the operator on C[O, l] o multiplication by the function f 
q(u) = u (U E [0, I]), then T is Hermitian, but is not a real scalar operator. 
On the other hand, if X = @’ is equipped with the norm 11(x1, xz)lll = Jx,J 
+ (x2), then the operator T on X with matrix 
1 1 ( 1 0 0 
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is easily seen not to be Hermitian, since ]]e irrT]l = 3. However, this matrix is a 
projection and hence is a real scalar operator. 
PROPOSITION 1. Let X be a finite-dimensional-Banach space. Then eve y 
Hermitian operator T on X is a real scalar operator. 
Proof. Write T = S + N, where S is a scalar operator and N is a 
nilpotent operator (of order n say) commuting with S. Then 
)I eitN 11 = 11 eitT e-itS II Q II eitT II II eCifs II < M 
for some 0 < M < ~0 and for all t E R (see [ll, p. 21891). Since eitN = 
C,“z,$it)‘Nj, it is clear that (3) is satisfied if and only if N = 0. Accordingly, 
T = S is a real scalar operator (as a(T) C [w [lo, Theorem 4.81). n 
REMARK 1. There are examples of infinite-dimensional spaces where the 
conclusion of Proposition 1 is also valid; see [S, Chapter 6] for example. One 
class of such spaces are those for which the only Hermitian operators are the 
real multiples of the identity (for example H”(D), AC[O, 11, C1[O, 11, and 
L,ip[O, 11). On other spaces the Hermitian operators, though not necessarily 
trivial, are nonetheless rather special. For instance, if X = ZP(N), 1 Q p < 00, 
p # 2, then T E L(X) is H ermitian if and only if T is a multiplication 
operator by some bounded sequence of real numbers [4]. Clearly, if p z 03, 
then all such operators are real scalar. 
We shall use the convention that whenever T is written as Cy= 1 A j Ej, we 
mean that T is a real scalar operator with finite spectrum u(T) = {A j& 1 c R 
and { Ej& 1 are nonzero, pair-wise commuting projections satisfying Ej E, = 
Sj k Ej and CJ’= I Ej = 1. 
PROPOSITION 2. Let X be a Banach space, and let T = CJ’= 1 Aj Ej E 
L(X). Zf T is Hermitian, then 11 E,ll = 1 firj = 1, , n. 
REMARK 2. 
(i) Clearly every finite-dimensional space X has the property that every 
real scalar operator is of the type specified in Proposition 2. There also exist 
infinite-dimensional spaces with this property. For example, this is true of 
every Grothendieck space with the Dunford-Pettis property [15], which 
includes L”[O, l], H”(D), and certain C(0) spaces. 
SPECTRAL PROJECTIONS FOR HERMITIAN OPERATORS 79 
(ii) If T = I$‘= 1 A j Ej happens to be compact, then Proposition 2 follows 
from a result of F. F. Bonsall [7] stating that if T E L(X) is compact and 
Hermitian with nonzero (distinct) eigenvalues {hi&‘= 1, then llE,,ll = 1, n = 
1,2,. . . ) where E, is the spectral projection corresponding to the closed-open 
subset {A .) of a(T). 
(iii) If T E L(X) ’ IS a Hermitian operator on an arbitrary Banach space X 
and A E a(T) is an isolated eigenvalue of T, then an easy application of the 
Weyl functional calculus for Hermitian operators shows that the associated 
spectral projection EC{?}?)) . IS necessarily of norm one. IncJeed, in this case 
f(T) = (27r)-‘I”, eifTf(t) dt for suitable f : R -+ @ with f E L’(R). Assume 
that A = 0; other values of h may be dealt with by translation. Choop then f 
such that f(O) = 1, f is zero in a, neighborhood of c+(T) \ IO}, and f > 0 is a 
symmetric function satisfying llfll, = 27~ (see [l, pp. 503-5041). Then 
b({O)jll =/If(T)/ = (26’ Irn WtTllfit) dt 
--m 
= (277-l jj(t) dt =f(o) = 1, 
and Proposition 2 follows. We wish to indicate here a direct and simple proof 
of the proposition which is of interest in its own right. The proof is based on 
the following lemma. 
LEMMA 3. Let Oj E R \ {0}, 1 g j < N, and let E > 0. Then there exists 
s > 0 and a positive integer- M such that 
M-1 f eijskls < E, k = 1,. . . , N. 
j=l 
Proof It suffices to show that if pj E (- 1, l] \ {O}, 1 < j < N, then 
there is an M such that 
~M-ljlei+e, k=l,..., N. (4) 
For then one can just set s = max(l0,l: 1 <j < N} and pj = ej/s to get the 
desired conclusion. 
Fix k E {l, . . . , N}. Then adding up a geometric series gives, for M > 1, 
5 eij~LI = eipk(l - eiMILk) . 
j=1 
1 _ eiwk 
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Since no pk is zero, it is possible to choose M large enough so that (4) holds 
for every k E 11,. . . , n). n 
Proof of Proposition 2. Let 8, = A, - A, for 2 Q k < n. Fix E > 0. By 
Lemma 3 there exists s > 0 and a positive integer M such that 
M-1 z eijek/s < E 
j=l n max{llElll: 1 < 1 Q n) 
for every 2 Q k < n. Thus 








CM-’ f 2 II eijhk/S E k +& j=l k=l /I 
j=l 
=l+E. 
Since E was arbitrary, it follows that llElll = 1. A similar argument applies to 
the other Ej (2 < j ,< n). n 
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It is easy to exhibit examples of real scalar operators of the type in 
Proposition 2, each of whose atoms in the resolution of the identity have 
norm one, but which are not Hermitian. 
EXAMPLE 1 [3, p. 1091. Let X = C2 be equipped with the norm 
IKx,, x,)11 = max~lr,l, Ix,l). Let E, have matrix 
with respect to the standard basis, and let E, = I - E,. Then E, and E, are 
complementary projections of norm one. If T = E, = lE, + OE,, then T is 
a real scalar operator with a contractive resolution of the 
is not Hermitian, since if Q = exp[i(T/2)T], then 
from the formula 
itr _ 1 1 + ,it ,it _ 1 e _- 
( 2 eit - 1 1 + eit i ’ 
t E R, 
for example. 
EXAMPLE 2. The following example, due to M. J. Crabb, will be of 
interest later (see [lo, p. 1071, f or example). Let X = QZ3 be equipped with 
the norm 
lb17 x2> xg)II = sup{L- 1x1 +x2 + hx,l:h E C,Ihl= l}, 
and let T be the operator on X with matrix 
i 0 1 0 0.  1I 
Then T is a real scalar operator which is not Hermitian. The two atoms of its 
resolution of the identity are 
82 IAN DOUST AND WERNER J. RICKER 
A direct calculation from the definition of the norm shows that llEzll = 1. 
Now T is the square of the Hermitian operator 
A= 
so, since E, = $<I - eimA), we have that llElll = 1. 
Examples 1 and 2 show that there exist real scalar operators (indeed, even 
projections) with contractive resolutions of the identity, but which are not 
Hermitian. What about the converse? An immediate consequence of Proposi- 
tion 2 is that if T = h,E, + A, E, is a real scalar operator which is Hermi- 
tian, then its resolution of the identity, consisting of {O, E,, E,, Z}, is necessar- 
ily contractive. In particular, every Hermitian operator on a two-dimensional 
space must have a contractive resolution of the identity. 
It is clear that the geometry of the space plays a crucial role here. For 
instance, it is known that if ]I - II is an absolute normalized norm on C2, and 
is Hermitian with bc z 0, then a, d E R, b = z, and I]. ]I is the Z2 norm (see 
[8, p. 891). If we restrict our attention to ZP norms, we have a higher-dimen- 
sional result. 
PROPOSITION 4. Let n > 2 be an integer. The only 1P norm (1 < p Q a) 
on @” with the property that every real scalar operator with a contractive 
resolution of the identity is Hermitian is the l2 norm. 
Proof. That the 1 2 norm has this property is clear; norm-one projections 
on Hilbert space are necessarily self-adjoint and hence Hermitian. Since the 
Hermitian operators form a real vector space, it follows that any real scalar 
operator with a contractive resolution of the identity is Hermitian. 
Let 1 < p < 03, p # 2. Suppose first that n = 2. Let E,, E,, and Q be 
as in Example 1. Then ]I ElII = llE211 = 1, but E, is not Hermitian for p z 2 
[3, Example 2.241. So E, h as a contractive resolution of the identity, but is 
not Hermitian. 
For n > 3 consider the operator 
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where E,, in the (1, 1) position, is the two-dimensional operator above. Let 
E$“’ = Z - Ei”‘. Then Ei”) and Ep’ are complementary norm-one projec- 
tions with respect to the lp norm on C”, and hence El”) has a contractive 
resolution of the identity. With Q(“’ = exp[i(m/2)E[“)], it foliows from the 
properties of Q in C2 that IIQ’“‘II > 1. Hence El”’ is not Hermitian. n 
REMARK 3. Essentially the same argument shows that none of the spaces 
IP(l%J) (1 Q p < a> have the property that every real scalar operator with a 
contractive resolution of the identity is Hermitian except the space Z2(FV). 
Indeed, as was observed in Remark 1, the Hermitian operators on these 
spaces are rather special. 
It was noted that in a two-dimensional space, every Hermitian operator 
has a contractive resolution of the identity. One might ask whether the same 
is true for higher-dimensional spaces. 
EXAMPLE 3. Let X = (C3, II * II) and A E L(X) be as in Example 2. 
Then A is Hermitian, and the projection 
belongs to the resolution of the identity of A. It is shown in [S, p. 941 that 
IlEll > 1 and so A does not have a contractive resolution of the identity. 
The following is an example of a somewhat different kind. 
EXAMPLE 4. Fix N > 2, and let X = L(CN) (where CN has the 2’ 
norm). Equip X with the trace-class norm, in which case X is a Banach 
space of dimension N 2. 
Let q be the orthogonal projection onto the span of the jth standard 
basis vector in @ ‘, and let A = Cl’!= , A .Pj and B = Cl?’ i ~LJ Pi be (commut- 
ing) self-adjoint operators on CN such t 6 at each one has N distinct eigenval- 
ues, and such that the set a( A) - u(B) consists of N2 distinct elements. 
Define T E L(X) by 
TU = AU - UB, u E x. 
A simple calculation shows that 
eitTu = eitAue-itB, 
t E R, 
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for every U E X. It follows that 
lleitTII Q lleitAll~pll~~itBll~p, t E R, 
where II - Ilop is the usual operator norm on I,(@ “‘1. Accordingly T is 
Hermitian, and so, in particular, real scalar. More explicitly, for each set 
(T c a(T) = a( A) - o(B), the associated spectral projection E(u) for T is 
given by 
E(a)U = 5 Q(pj + a)UPj, u E x, (6) 
j=l 
where Q is the resolution of the identity for A (see [I3]). Suppose that 
5 E r(T). Then 5 = A, - pLI for unique k and 1. Hence p. + {t} = { pj + 
5) is a subset of a( A) if and only if j = 1. It follows that Qi, + { 5)) # 0 if 
andonlyifj = 1,. m which case p1 + {t} = {hk]. That is, Q(pul + 15)) = Pk, 
the spectral projection for A onto the eigenspace of A,. It follows from (6) 
that 
E({ o>U = E({A, - &)U = P,UP,> u E x, 
which shows that E(( &})U has the element ukl (from the matrix U> in 
position (k, I) and zero elsewhere. Thus 
W= CE({A, - /+I) 
belongs to the resolution of the identity for T, and the matrix of WU consists 
of the matrix of U with all the entries below the diagonal replaced by zero. It 
is known that the norm of this operator W is of order log N, so that 
]]W ]I > 1 for large enough N. In fact, for N = 2 an explicit calculation shows 
that IIWII > G/2 > 1: apply W to 
Hence in the four-dimensional space of trace-class operators acting on C2, 
the Hermitian operator T does not have a contractive resolution of the 
identity. 
3. POWERS OF HERMITIAN OPERATORS 
As has already been noted, the square of a Hermitian operator need not 
be Hermitian. A result of Bollabb [6] states, amongst other things, that if T 
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is a compact Hermitian operator in a Banach space X such that its nonzero 
eigenvalues {A jy= i are rationally independent, then T” is Hermitian for all 
integers n > 1. As a consequence we have the following result (cf. also 
Proposition 2). 
PROPOSITION 5. Let X be a Banach space, and let T = C;= 1 hjEj be 
Hermitian. 
(i) A necessary and suflcient condition for Tk to be Hermitian for all 
positive integers k is that T k is Hermitian for k = 1, . . , n - 1. 
(ii) Suppose that X is finite-dimensional. If u(T) = (A .)j”= , is a ratio- 
nally independent set, then the resolution of the identity or T consists of i 
Hermitian projections only. 
Proof. (i): Necessity is obvious. Suppose then that Tk is Hermitian for 
k = l,..., n - 1. Consider the vectors vi E R” given by 
vj = (hIi, A”; ,..., A:), O<j <n. 
Suppose that there exist real numbers crj (0 <j < n), not all zero, such that 
Cyid ajvj = 0. Considering the equation coordinatewise, it follows that the 
degree-(n - 1) polynomial p(x) = Cy,d crjxj has n distinct roots Aj (1 =S j
Q n), which is impossible. Thus, (v&rO’ is a basis for R”. 
Let u E R”. Then there is a unique expansion u = C;z: pjy, with 
pj E R, and a direct calculation shows that 
n n-l 
C ujEj = c PjT’. 
j=1 j=O 
It follows then that any real linear combination of 
(1 <j Q n) is Hermitian; in particular, the operator 
Hermitian for every k > 1. 
the projections Ej 
Tk = Cy,, A:Ej is 
(ii): By the result of Bollabis, each Tj (0 <j < n> is Hermitian. As in 
(7) 
part (i), this implies that any combination of the projections Ej (1 < j < n) is 
Hermitian and so, for every subset CT c {l, 2, . , n), the projection Cj E ~ Ej 
is Hermitian. W 
REMARK 4. If E is any projection on a Banach space X, then we have 
the identity E = +(I - eiaE). It f o 11 ows that a Hermitian projection necessar- 
ily has norm one; the converse is false (see Example 1). Accordingly any 
Hermitian operator T satisfying the conditions of Proposition 5 necessarily 
has a contractive resolution of the identity. Examples 3 and 4 show that it is 
not possible in general to remove the hypothesis on m(T), even if dim X < to. 
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It has been noted that every Hermitian operator on a two-dimensional 
space necessarily has a contractive resolution of the identity. Even more is 
true, as is seen by the following result [with no hypothesis on c+(T)]. 
PROPOSITION 6. Let X be a two-dimensional Banach space. 
(i) Zf T E L(X) is Hermitian, then so is T” for every integer n > 1. 
(ii) A real scalar operator T is Hermitian if and only if its resolution of 
the identity consists entirely of Hermitian projections. 
Proof. (i): If T = al for some CY E R, the conclusion is clear. Other- 
wise, T = CT= 1 hjEj (with A, and A, distinct). Accordingly, e, = (I, I) and 
es = (A,, A,) span R2. Since 
z= {(al, cr2) E I@ : (pi E, + m2 E, is Hermitian) 
is a linear subspace of R2 containing e, and es, it is all of R2. Hence 
(A;, A,“) ~3’ for all n > 1, that is, T” = Cf_, h’jEj is Hermitian. 
(ii): Suppose that T is Hermitian. If T = (YZ, cr E R, the conclusion is 
again clear. Otherwise, T = CJ”= 1 A j Ej as in part (i). Then the equation 
E, = (A, - A,)-‘T - A,(A, - A,)-‘Z 
shows that E, is Hermitian, and hence so is E, = Z - E,. Thus T has a 
resolution of the identity consisting of Hermitian projections. The converse is 
obvious. W 
REMARK 5. 
(i) Part (i) of P ro osi ‘on 6 also follows from part (ii), since Tn = p ti 
C;_l AyEi. 
(ii) Necessary and sufficient conditions for T” to be Hermitian for all 
n > 1, and for the resolution of the identity of a real scalar operator to consist 
of Hermitian projections, when the dimension of X is greater than 2 will be 
given below in Theorems 8 and 10. 
(iii) Proposition 6 shows that there exist Banach spaces X other than 
Hilbert spaces with the property that a real scalar operator is Hermitian if 
and only if its resolution of the identity consists of Hermitian projections. 
As has been observed, the property of a real scalar operator being 
Hermitian is not characterized by its resolution of the identity consisting of 
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Hermitian projections. The proof of Proposition 5 suggests that what is 
needed is not only that T should be Hermitian, but also that its powers 
should be Hermitian. This is foi,nulated more precisely in Theorem 8 below. 
LEMMA 7. The real vector space of Hermitian operators on a Banach 
space X is closed with respect to the weak, strong, and uniform operator 
topologies on L( X ). 
Proof. It suffices to consider the weak operator topology. But this case 
follows immediately from the fact that T E L(X) is Hermitian if and only if 
(TX, r*) E [w for all pairs of elements x E X and x* E X* satisfying 11 xl1 = 
ll;r*(1 = (x, x*> = 1; see [7] for example. W 
THEOREM 8. Let X be a Banach space and T = /,,,,A dE(h) be a 
(bounded) real scalar operator on X. Then the following statements are 
equivalent: 
(i) T k is Hermitian for every nonnegative integer k. 
(ii) p(T) is Hermitian for every real polynomial p. 
(iii) For every real-valued function f E C(a(T)), the operator 
is Hermitian. 
(iv> For every bounded Bore1 function f : u(T) + [w, the operator f(T) 
defined by (8) is Hermitian. 
(v) The resolution of the identity E (of T) consists of Hermitian projec- 
tions . 
(vi) For every integer k 2 1, the resolvent operators of iT k satisfy 
IIAR,(iTk)ll G 1, A E R\(O), (9) 
where R,(S) = (AZ - S)-’ for S E L(X) and A ~6 U(S). 
(vii) For every bounded Bore1 function f : c+(T) --) C 
(viii> For each A E Iw \ u(T), th e resolvent operator R,(T) is Hermitian. 
Proof. (i) @ (ii) is clear. 
The implication (iii) * (ii) is obvious. Conversely, suppose that (ii> holds. 
If f E C(a(T)) is real-valued, choose a sequence {p,}z= 1 of real-valued 
polynomials on a(T) such that Ilf - pnllm 4 0 as n + a. Since each opera- 
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tar p,(T) = lmtTj p, dE ( n = 1,2, . > is Hermitian and 
for some constant K < ~0, it follows from Lemma 7 that f(T) is Hermitian. 
This establishes (iii). 
Clearly (iv) 3 (iii). A ssume then that (iii) holds. Let f be a bounded 
real-valued function on a(T) which is the pointwise limit [on a(T)] of a 
uniformly bounded sequence of real-valued functions { g,)r= i c C((+(T)). 
Since bounded Bore1 functions are always integrable with respect to any 
a-additive measure E for the strong operator topology, it follows from the 
dominated-convergence theorem for vector measures [14, 11,4, Theorem 21 
that /V(T) g, dE -+ jgcTjfdE in the strong operator topology as n + w. By 
Lemma 7, /ucTjfdE is H ermitian for all such functions f (called bounded 
Baire functions of class one). If f . 1s now a bounded real-valued function on 
o(T) which is the pointwise limit on a(T) of a uniformly bounded sequence 
of bounded real-valued functions {g,}z= 1 f rom the bounded Baire functions 
of class one, then the same argument shows again that /acT,fdE is Hermi- 
tian. Continuing by a transfinite induction argument, it follows that lo(r) fdE 
is Hermitian for all bounded real-valued Baire functio ns on U(T). Since this 
class coincides with the bounded real-valued Bore1 f unctions, (iv) is estab- 
lished. 
(iv) * (v) is clear. The converse implication follows from Lemma 7, after 
noting that every bounded Bore1 function f : (T(T) + R is the uniform limit 
of a sequence of real-valued Bore1 simple functions {g,}r= i and hence 
&-) g, dE + lpcTj fdE in the uniform operator topology as n + 00. We 
have used the fact that each operator &r) g, dE is Hermitian, since it is a 
real linear combination of projections from the resolution of the identity of T. 
The equivalence of(i) and (vi) f o 11 ows from the fact that, for each positive 
integer k, (9) is equivalent to iT k being the generator of a CO-group of 
contraction operators in L(X), that is, 
]]exp( itTk) 11 d I, t E R. 
This follows from [12, p. 61, f or example, where it is stated for CO-semigroups 
of contractions. The conclusion for CO-groups follows from this and the 
formulae 
Rh( -iTk) = -R_,(iTk), A < 0. 
(v) * (vii): Let f : a(T) -+ @ be a bounded Borel-simple function. In 
this case we can write f = Cj’= 1 aj ,y,,, with { uj)& i pairwise disjoint, 
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nonempty Bore1 sets satisfying IJy=, uj = o(T), and aj E C (1 <j < nl 
distinct complex numbers. Let F = (j : E(T) # 0) and a, = IJ j z F 5. De- 
fine ffO = 0. Let g = era x,, + CjE F oj xv,. Then 
Ilf II E,m = IIgIIm = FsyIajI> (10) 
and 
(11) 
Since E( a,) = 0, it follows that {E( aj) : j E F} is a finite collection of 
nonzero, pairwise disjoint Hermitian projections which sum to I. By Lemma 
2.1 of 131, 
(12) 
for all a. E @ such that lajl = 1. Suppose that for 1 <j < n, we have uj E C 
and Iu. Q 1. Then for each j, there exist complex numbers uj and bj with I 
lajl = fbjl = 1 and uj = i(uj + bj>. Then 
by the triangle inequality and (12). It follows by a simple scaling that 
and so from (10) and (111, 
I/j II fdE < Ilf 1lE.m. a(T) 
Suppose now that f : u(T) + 62 is a bounded Bore1 function. Then we 
can choose Borel-simple functions {fkR= 1 such that lIfk - f IIE,m + 0 and 
such that, for all k, Ilfkllr,m < IlfllE.m. Then &-) fk dE + /-CT) fdE in the 
uniform operator topology. Since, by the above, II&-) fk dEIl Q II fklIE,- for 
every k, we conclude that 
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(vii) * (i): For k E N and t E R, define fk,t : a(T) + C by fk,t = 
exp(itxk). Then Ilfk,tll~,m = 1 and fk,,(T) = exp(itTk). It follows that Tk is 
Hermitian for all k. 
We have now shown that the first seven statements are all equivalent, and 
it just remains to show that statement (viii) is equivalent to the others. It is 
clear that (iii) * (viii). Assume then that (viii) holds. For distinct p, A E R \ 
v(T), we have that 
R,(T) - h(T) 
P-h 
= -R,(T)R,(T). 
It follows that, if we f= A, then 
lim 




in the strong operator topology. Since each operator ( p - A)- ‘[ R,(T) - 
R,(T)] is Hermitian, it follows from Lemma 7 that - R,(T)2 is Hermitian for 
all A E R \ a(T). 
We shall proceed by induction to show that R,(Tjk is Hermitian for all 
A E R\a(T)and 11 a positive integers k. Suppose then that this proposition 
holds for some k E N. Then 
$mk - %Wk R,(T) - R*(T) 
p-h = P-A 
X R,(T)k-’ + R,(T)kp2RA(T) + .a. +R,(T)k-l], [ 
and so 
lim 
R,Wk - R,Wk 
CL+A P-A 
= -R,(T)2.kRh(T)k-1 = -kR,(T)k+‘. 
pEW\am 
Again since the Rp(Tjk 
R,(Tjk+’ 
and R,(Tjk are Hermitian, Lemma 7 implies that 
is Hermitian [for all A E R \ c+(T)]. Since we knew that this was 
true for k = 1 and k = 2, we have the result for all k E N. 
Fix now A, E [w \ a(T). S 
the implication (i) 
ince T is scalar, R,,(T) is also scalar. Using 
* (iii) which we have proved above, this time for the real 
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scalar operator R, JT), 
fE C(a(R,o(T))). S’ 
we can conclude that f( R, $T)) is Hermitian for all 
mce 0 G a(R,$T)), the functions fk(.z) = (A,, - ~-i>~ 
are all in C(W(R,~(T))). But an easy calculation shows that 
Tk = [ A,1 - R,,,(T)-l]k = g&,(T)), 
and so Tk is Hermitian for all k E N. Thus (viii) * (i), and the theorem is 
proved. W 
The next result is of independent interest. It shows that if T has real 
spectrum, then the possession of Hermitian resolvents places restrictions on 
certain projections commuting with T. 
PROPOSITION 9. Let X be a Banach space, and let T E L(X) have real 
spectrum. Suppose that the resolvent operators R,(T), A E [w \ a(T), are 
Hermitian. If CT is an open-closed subset of g(T), then the associated 
spectral projection E( u > is Hermitian. 
Proof. Let Cl, be an open subset of @ containing g(T) \ u, and I2, be 
an open set in @ containing u and having positive distance to s1,. Fix any 
point A, E u. Let {A,,}~=, b e a sequence in fi, I” ([w \ (A,}) which con- 
verges to A,. For each n = 1,2,. . . , define an analytic function g, on 
R = fi, u 0, by 
g&) = 
(A, - A”)(z - A,))’ if z E a,, 
I if zEfi2,. 
Then { g,Jr= i converges uniformly on compact subsets of s1 to the analytic 
function g = An,. Let I be a suitable path in R which surrounds u(T). It 
follows from the analytic functional calculus for T that 
for the uniform operator topology. For each n, the left-hand side of (IS) is 
the operator (A ,, - A,)R, CT), whereas the right-hand side is E(u 1. Since 
(A, - A,)R, (T) is Hermkian for each n, it follows from Lemma 7 that 
E( u > is Hermitian. W 
In finite-dimensional spaces there are no nonempty E-null sets, and so 
the E-essential norm is just the usual supremum norm. Furthermore, conti- 
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nuity and Bore1 measurability no longer play a role. Accordingly, for such a 
space, Theorem 8 can be formulated in a more transparent form, which we 
record here separately. 
THEOREM 10. Let X be a finite-dimensional Banach space, and suppose 
that T = Cy= 1 Aj Ej is a real scalar operator on X. Then the following 
statements are equivalent: 
(i) Tk is Hermitian fork = 1,2,. . . , n - 1. 
(ii) T k is Hermitian for every positive integer k. 
(iii> p(T) is Hermitian for every real polynomial p. 
(iv) For every function f : a(T) + [w, the operator 
f(T) = ibAAjlEj 
j=l 
is Hermitian. 
(v) Each projection Ej, j = 1, . . . , n, is Hermitian. 
(vi) Each projection E(U) = CA,= ~ Ej, u C o(T), in the resolution of 
the identity for T is Hermitian. 
lEJfcl cyjEjll = 1 for all crj E @ with lcrjl = 1, j = 1, . . . , n. 
I&‘+ ajE.II < 1 for all cxj E @ with lojl < 1, j = 1,. . . , n. 
Ilf(T)II < irlf IL for every function f: o(T) + C. 
Every resolvent operator R,(T), A E [w \ u(T), is Hermitian. 
For every positive integer k, the resolvent operators of iTk satisfy 
IIhR,(iTk)II Q 1, A E rW\{O}. 
Proof. The equivalence of statements (ii), (iii), (iv), (vi), (ix), (xl, and (xii) 
has been proved in the more general setting in Theorem 8. The equivalence 
(i) - (ii) is Proposition 5(i). The equivalence (v) - (vi) is obvious. The 
equivalence (v) * (vii) is Lemma 2.1 of [3]. 
The implication (vii) - (viii) follows as in the proof that (v) * (vii> in 
Theorem 8. 
(viii) * (ix): Let f: c+(T) --+ Iw be nonzero. Then the numbers oj = 
fCAj)/llf Ilm C1 -_I < ’ < n) satisfy lo.1 < 1, and so llCy=, cxjEjll < 1. Since 
C;,, czjEj = Ilf Il,‘f(T), the inequaky Ilf(T)II G llfllm follows. W 
REMARK 6. 
(i) It may be of interest to note that a Hermitian operator A need not 
have Hermitian resolvent operators Rh( A) for every h E R \ cr( A). For 
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example, if A is the Hermitian operator on X = C3 discussed in Example 2, 
then A = lF, + OF, + (- l)F,, where 
In this case 
3= {(or, cY1, (YJ E [w3 : aI F, + a2 F, + a3 F3 is Hermitian) 
is a two-dimensional subspace of Iw3 spanned by (1, 0, - 1) and (1, 1,l); it 
cannot be three-dimensional, since A2 = F, + F3 is known not to be 
Hermitian. Thus R,(A) = (21 - A)-’ = F, + +F, + +F, is not Hermitian, 
since (1, $, +) G &4 
(ii) Instead of requiring in statement (i) of Theorem 10 that I, . . , T “- ’ 
be all Hermitian, it in fact suffices to have any R consecutive powers of T 
being Hermitian. Thus, for example, on a three-dimensional space, if T and 
T-’ are both Hermitian, then all the statements of Theorem 10 hold. 
Let T be a Hermitian operator on a finite-dimensional Banach space with 
spectrum a(T) = (hjyzl. Th e results of this section show that 
the eigenvalues hj are rationally independent 
II 
each projection in the resolution of the identity for T is Hermitian 
11 
T has a contractive resolution of the identity. 
It is not difficult to see that neither of these implications can be reversed in 
general (see Example l), although the second and third statements are 
equivalent (and indeed always true) in certain Banach spaces. It would be 
interesting to find general necessary and sufficient conditions for T to possess 
a contractive resolution of the identity. As we have noted, on many spaces, all 
Hermitian operators have contractive resolutions of the identity. 
4. GEOMETRIC CONSIDERATIONS 
As we have mentioned in the earlier sections, geometric aspects of the 
underlying Banach space have a significant effect on the types of Hermitian 
operators that exist on that space. In this section we shall examine several 
consequences of our results and a theorem of Bosznay and Garay [9]. Their 
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result is concerned with the existence of finite-dimensional normed spaces X 
with the property, which we shall call property (9), that every projection 
P # Z with range space having dimension greater than one satisfies 11 PII > 1. 
A space of dimension greater than two having property (9) always has real 
scalar operators which are not Hermitian. 
Let J%$ X) denote the set of all norms on the finite-dimensional space X. 
Then & X) becomes a metric space under the distance function 
411 - IL, II. 112) = sup{ lllxll, - llxlle I : (x, x> = l}, 
where ( * , * ) is any fured scalar product on X. The topology of AX) 
induced by d does not depend on the choice of this scalar product. 
PROPOSITION 11 [91. Let X be a finite-dimensional space of dimension at 
least three. Let Jv,( X> be the subset of AX) consisting of those norms I( * )I 
such that (X, II * 11) has property (9). Then .4$X) is a dense, open subset of 
the metric space oy( X ), d 1. 
In light of this result, Proposition 4 is perhaps not so surprising. Banach 
spaces with property (9) h ave some interesting properties concerning Her- 
mitian operators. Proposition I2 shows that at least for finite-dimensional 
spaces, this behavior is reasonably common. 
PROPOSITION 12. Let X be a Banach space of dimension at least three 
having property (9). Then the only scalar-type spectral operators on X all of 
whose powers are Hermitian are the real multiples of the identity. 
Proof. Suppose that X has property (pa) and that T = fmtTj A dE E 
L(X) is such that T k is Hermitian for all positive integers k. Let u be a 
Bore1 subset of C such that E(a) # 0. By Theorem 8, both E( cr) and 
Z - E(a) must have norm one. But since X has property (9) and at least 
one of E(U) and Z - Ecu 1 must have rank greater than one, this can only 
happen if E(a) = I, that is, if T is a real multiple of the identity. W 
COROLLARY 13. Suppose that X is a three-dimensional Banach space 
with property (pa), and that T E L( X> is Hermitian. Zf T2 (or T-‘) is also 
Hermitian, then T is a real multiple of the identity. 
Proof. Apply Theorem 10 and Proposition 12. n 
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COROLLARY 14. Suppose that X is a Banach space of dimension at least 
three having property (9). Then the only Hermitian projections on X are 0 
and 1. 
COROLLARY 15. Suppose that X is an d-dimensional Banach space (with 
3 d d < m) having property (pa>, and that T E L(X) has spectrum u(T) = 
{Ajyzl where n > 1. Zf the points Aj are rationally independent, then T is 
not Hermitian. 
Proof. Apply Proposition 5 and Corollary 14. W 
In conclusion, we mention three results which further illustrate the 
intimate connection between the nature of the underlying Banach space and 
the existence of certain Hermitian projections. 
PROPOSITION 16 [5]. Suppose that X is a Banach space of dimension at 
least three. Then X is a Hilbert space if and only if each two-dimensional 
subspace is the range of some norm-one projection. 
PROPOSITION 17 [2, 31. Suppose that X is a Banach space. Then 
(i) X is a Hilbert space if and only if each one-dimensional subspace of X 
is the range of a Hermitian proj’ection; 
(ii) if X is not a Hilbert space, then there always exists a rank-one 
projection which is not Hermitian. 
The authors would like to thank Alan McIntosh for several helpful 
discussions regarding this paper. The authors are also grateful to the referee 
for bringing several relevant references to their attention. 
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